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On the recurrence coefficients of the generalized little
q-Laguerre polynomials
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Abstract
In this paper we consider a semi-classical variation of the weight related to
the little q-Laguerre polynomials and obtain a second order second degree discrete
equation for the recurrence coefficients in the three-term recurrence relation.
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1 Introduction
1.1 Orthogonal polynomials
Orthogonal polynomials appear in many areas of modern mathematics and mathematical
physics [4, 10] (e.g., approximation theory, stochastic processes, random matrix theory
and others). In this paper we are interested in discrete q-orthogonal polynomials on an
exponential lattice. The orthogonality condition for discrete q-orthonormal polynomials
is given by ∫ b
a
pk(x)pn(x)w(x)dqx = δk,n,
where the q-integral [8] is defined by∫ b
a
f(x)dqx = b(1 − q)
∞∑
n=0
qnf(bqn)− a(1 − q)
∞∑
n=0
qnf(aqn).
Here the weight function w is supported on the exponential lattice
{aqn, bqn |n ∈ N0}
and δk,n is the Kronecker delta.
The classical examples include little q-Laguerre polynomials, which are orthogonal on
the exponential lattice {qk | k ∈ N0} with respect to the weight function
w(x) = xα(qx; q)∞, α > −1, q ∈ (0, 1),
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where
(a; q)∞ =
∞∏
k=0
(1− aqk).
They can be written in terms of the basic hypergeometric function 2φ1.
One of the main features of orthogonal polynomials is the three-term recurrence rela-
tion
xpn(x) = an+1pn+1(x) + bnpn(x) + anpn−1(x).
Here {pn(x)} are orthonormal polynomials of degree n and the coefficients an and bn are
usually referred to as the recurrence coefficients. They possess a number of important
properties. For instance, they can be expressed in terms of determinants containing the
moments of the orthogonality measure [4]. Moreover, for classical orthogonal polynomials
they are known explicitly. For other, non-classical, polynomials the recurrence coefficients
are not known explicitly and sometimes they can be expressed in terms of the solutions of
discrete (including q-discrete) or continuous Painleve´ equations. The Painleve´ equations in
their turn have many remarkable applications in modern mathematics and mathematical
physics (see for instance [5] and the references therein). There are a few examples of
relations of q-orthogonal polynomials on an exponential lattice to the q-discrete Painleve´
equations: the weight
w(x) = (q4x4; q4)∞
on {±qk | k ∈ N0} and qPI [16]; the weight
w(x) = |x|α(q2x2; q2)∞(cq2x2; q2)∞
on {±qk | k ∈ N0} and αqPV [1, 16]; the weight
w(x) = xα(q2x2; q2)∞
on {qk | k ∈ N0} and qPV [1]. For other examples of relations of the recurrence coefficients
for the orthogonal polynomials, not necessarily supported on an exponential lattice, see
for instance [2, 3, 6, 7, 13, 14] and the references therein. One of the methods to derive the
nonlinear discrete equations for the recurrence coefficients is by using the ladder operators.
1.2 Ladder operators
In the case of discrete q-orthogonal polynomials on the exponential lattice, the ladder
operators were first considered in [11]. We repeat the main statements which we use later
on to be self-contained following [11] and [1, Section 1.3].
The q-difference operator is given by
(Dqf)(x) =
{
f(x)−f(qx)
x(1−q)
, x 6= 0,
f ′(0) x = 0.
Consider a weight function w on the exponential lattice {aqn, bqn |n ∈ N0}, such that
w(a/q) = w(b/q) = 0 and the sequence of orthonormal polynomials {pn} of degree n
with respect to this weight. Ismail [11] shows that the polynomials satisfy the following
relation:
Dqpn(x) = An(x)pn−1(x)− Bn(x)pn(x)
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with
An(x) = an
∫ b
a
u(qx)− u(y)
qx− y pn(y)pn(y/q)w(y)dqy, (1)
Bn(x) = an
∫ b
a
u(qx)− u(y)
qx− y pn(y)pn−1(y/q)w(y)dqy. (2)
Here the function u, called the potential, is defined by the following formula:
− u(qx)w(qx) = Dqw(x). (3)
Furthermore, the following relations (compatibility conditions) hold:
Bn +Bn+1 = (x− bn)An
an
+ (q − 1)x
n∑
j=0
Aj
aj
− u(qx), (4)
an+1An+1 − a2n
An−1
an−1
= (x− bn)Bn+1 − (qx− bn)Bn + 1. (5)
Relations (4), (5) are important in deriving nonlinear discrete equations for the recurrence
coefficients, which in some cases can be further reduced to (q-)discrete Painleve´ equations.
2 Main results
In this paper we study the recurrence coefficients for the weight functions supported on
the exponential lattice {qk | k ∈ N0} and satisfying the q-difference equation (3) with
u(x) =
k1q
1− q
1
x
+
k2x+ k3
1− q , k1 6= 0, k2 6= 0, (6)
and conditions w(0) = w(1/q) = 0. At the end of this section we discuss the existence
of such weight functions and consider a few instructive examples. In the following we
assume that the sequence of polynomials {pn} is orthonormal with respect to the weight
function with potential (6) and hence the orthogonality relation takes the form
∫ 1
0
pm(x)pn(x)w(x)dqx = δm,n.
It is straightforward to calculate that
u(qx)− u(y)
qx− y =
k1
(q − 1)xy +
k2
1− q .
Hence, the expressions (1) and (2) can be computed as follows:
An(x) =
anRn
x(1− q) +
ank2q
−n
1− q ,
Bn(x) =
rn
(1− q)x,
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where
Rn = −k1
∫ 1
0
pn(y)pn(y/q)
w(y)
y
dqy, rn = −ank1
∫ 1
0
pn(y)pn−1(y/q)
w(y)
y
dqy
and we have used orthogonality in computing∫ 1
0
pn(y)pn(y/q)w(y)dqy = q
−n,
∫ 1
0
pn(y)pn−1(y/q)w(y)dqy = 0.
The compatibility conditions (4), (5) give rise to the following system (after comparing
the coefficients at the powers of x):
rn+1 + rn = −bnRn − k1, (7)
Rn − k2q−nbn − k3 − (1− q)
n∑
j=0
Rj = 0, (8)
a2n+1Rn+1 − a2nRn−1 = −bn(rn+1 − rn), (9)
k2a
2
n+1 − k2q2a2n = q1+n − q2+n − q2+nrn + q1+nrn+1. (10)
We will use these equations to find expressions for the recurrence coefficients an, bn
of the sequence of orthonormal polynomials {pn} with respect to w. Multiplying (10) by
q−2n−2 and taking a telescopic sum with a0 = r0 = 0, we get
a2n =
qn(1− qn + rn)
k2
. (11)
Multiplying (9) by Rn, substituting −bnRn from (7) and taking a telescopic sum, we
obtain
a2nRnRn−1 = rn(k1 + rn). (12)
On the other hand, if we substitute the expression for bn from (8) and the expression
for a2n from (11) into (9) and we collect the terms in rn and rn+1, we obtain
rn+1
(
qRn+1 +Rn − k3 − (1− q)
n∑
j=0
Rj
)
− rn
(
qRn +Rn−1 − k3 − (1− q)
n−1∑
j=0
Rj
)
= (1− qn)Rn−1 − q
(
1− qn+1)Rn+1.
The left hand side of this expression can easily be summed telescopically and in the
resulting equation we recognize the expression for bn from (8), so we get
rn
(
Rn−1 + k2bnq
−n
)
= qn+1Rn + q
nRn−1 − Rn−1 − k2bnq−n − k3.
If we multiply this by Rn, we can use expressions (7) to substitute bnRn and (11), (12) to
substitute RnRn−1. Eventually we get a quadratic equation for Rn:
R2n − k3q−n−1Rn = −k2q−2n−1 ((1 + rn)(1 + rn+1)− (1− k1)) . (13)
From (11) and (12) we get
qn(1− qn + rn)RnRn−1 = k2rn(rn + k1). (14)
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We can use equations (13) and (14) to get a second order second degree difference
equation for rn. In order to derive such an equation (which we omit here explicitly as it
is long and cumbersome) we can first eliminate Rn between equations (13) and (14) and
then eliminate Rn−1 between the obtained equation and (13) with n replaced by n− 1.
Alternatively, we can first replace equation (8) by subtracting from it (8) with n − 1
to eliminate the sum of Rn. We have the following equation instead of (8):
k2qbn−1 − k2bn + qn(qRn − Rn−1) = 0. (15)
From (7) we can find bn in terms of rn and Rn and substitute this expression into equations
(8)–(10). Further, we use (11). Substituting (11) into (12), we can find Rn−1 and, by
taking (11) and (12) with n replaced by n + 1, we can find Rn+1 in terms of Rn and rn
(rn+1 respectively). We have
Rn−1 = −k2q
−nrn(rn + k1)
(qn − 1− rn)Rn , (16)
Rn+1 = −k2q
−1−nrn+1(rn+1 + k1)
(qn+1 − 1− rn+1)Rn . (17)
Substituting these expressions into (15), we can find R2n:
R2n = −
k2q
−1−nrn(rn + k1)(rn(q
n − 1− rn+1) + (qn − 1)(rn+1 + k1))
(qn − 1− rn)(rn−1(qn − 1− rn) + (qn − 1)(rn + k1)) . (18)
From (11) we have an expression of a2n in terms of rn. Using (18) and (13) we can
get an expression of Rn in terms of rn−1, rn and rn+1. Hence, using (11) we can get
an expression of bn in terms of rn−1, rn and rn+1. Thus, we have proved the following
theorem.
Theorem 2.1. The recurrence coefficients an, bn appearing in the three-term recurrence
relation for the weight supported on the exponential lattice {qk | k ∈ N0} with the potential
satisfying (6) and conditions w(0) = w(1/q) = 0 can be expressed in terms of rn (by using
(11), (7) with (18)), which is a solution of a second order second degree discrete equation
(with respect to n) given by
f 2 − 2fg + g2 − k23q−2n−2f = 0, (19)
where f denotes the right hand side of (18) and g is the right hand side of (13).
Note that the discrete equation in the theorem factorizes if and only if k3 = 0 and this
allows us to express rn+1 in terms of rn−1 and rn as a rational function. The connection
is given by a q-Painleve´ equation:
Theorem 2.2. If k3 = 0 in (6) then the variable xn = (1 + rn)(1− k1)−1/2 satisfies qPV
[9] given by
(xnxn−1 − 1)(xnxn+1 − 1) = γδq
2n(xn − α)(xn − 1/α)(xn − β)(xn − 1/β)
(xn − γqn)(xn − δqn) , (20)
with
α = β = γ = δ =
1
p
5
where p =
√
1− k1. The initial conditions are given by
x0 =
1
p
and x1 = p− k2
qp
(
µ1
µ0
)2
.
xn is related to the recurrence coefficients an and bn of the orthogonal polynomials by
a2n =
qn
k2
(pxn − qn) (21)
and
b2n = −
q2n+1(pxn + pxn+1 − 1− p2)2
k2p2(xnxn+1 − 1) . (22)
Proof. If k3 = 0 then (19) simplifies to f − g = 0. Putting yn = 1 + rn and isolating the
term containing ynyn+1, we find
0 = ynyn+1(yn − qn)2(ynyn−1 + k1 − 1) = (k1 − 1)(yn − qn)2ynyn−1
+(qn − yn)(k1 − 1)yn [(yn − qn) + (qn − 1)(yn − 1 + k1)]
−qn(yn − 1)(yn − 1 + k1)yn [qn(yn − 1) + (qn − 1)(k1 − 1)] .
With the substitution yn =
√
1− k1xn = pxn the first two terms can be completed to
contain (xnxn−1 − 1)(xnxn+1 − 1) and the equation simplifies to (20).
Initial conditions for an and bn (and, hence, xn) can be computed by using the fact
that the recurrence coefficients can be expressed in terms of the Hankel determinants
containing the moments of the orthogonality measure [4, Th. 4.2, p. 19; Ex. 3.1, p. 17].
In particular, we will need that b0 = µ1/µ0 where µk is the k’th moment of the weight w.
Since a0 = r0 = 0, we immediately find that y0 = 1 and hence x0 = 1/p. As for x1, we
know from (7) that r1 = −b0R0 − k1. Here, R0 can be obtained from (8) with n = 0 and
k3 = 0: we find that R0 = q
−1k2b0. This leads to
r1 = −k1 −
(
µ1
µ0
)2
k2
q
and hence
x1 = p− k2
pq
(
µ1
µ0
)2
.
The connection (21) between xn and an follows immediately from (11). To obtain
(22), we use the squared (7) to write
b2n =
(rn+1 + rn + k1)
2
R2n
,
where R2n can be substituted using (18). Finally, substitute r by x using xn = (1 + rn)/p
and eliminate xn−1 using the q-Painleve´ equation (20).
Clearly (in the case k3 6= 0), we can also derive a third order difference equation for rn
from the system (7)–(10) as follows. We can get R2n+1 by either using relation (18) with
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n+1 or by squaring (17) and using (18). Hence, we can set them equal and in the result,
we get a (cumbersome) expression involving only rn−1, rn, rn+1, rn+2.
To find out which weights can give rise to a potential of the form (6), we notice that
it is sufficient if
w(x/q)
w(x)
= Ax2 +Bx+ C
for certain constants A, B, C, since an easy calculation shows that in that case the
potential is given by (6) with k1 = 1− C, k2 = −Aq and k3 = −Bq.
If we define
vα1 (x) = x
α, vc2(x) = (cx; q)∞, v
c
3(x) = (cx
2; q2)∞,
vc4(x) = (c/x; q)∞, v
c
5(x) = (c/x
2; q2)∞,
then
vα1 (x/q)
vα1 (x)
= q−α,
vc2(x/q)
vc2(x)
=
q − cx
q
,
vc3(x/q)
vc3(x)
=
q2 − cx2
q2
,
vc4(x/q)
vc4(x)
=
x
x− c,
vc5(x/q)
vc5(x)
=
x2
x2 − c.
Hence it is clear which products of vi lead to a weight for which the potential satisfies
(6). These include, among others, the little q-Laguerre weight, the weight in [1, Sect. 7.3],
products of rational functions and the weights above, the weights in the following examples
and others.
Example 1. In this example we consider the semi-classical little q-Laguerre weight
w(x) = xα(qx; q)∞(cqx; q)∞, α > 0, (23)
on the positive exponential lattice {qn |n ∈ N0}. The case c = −1 was considered in [1,
Sect. 7.3]. The case c = 0 gives the little q-Laguerre weight (and, hence, the recurrence
coefficients are known explicitly). We observe that w(0) = w(1/q) = 0.
The potential (3) is given by
u(x) =
1
1− q
(
q
x
− q
1−α
x
+ q1−α(1 + c)− cq1−αx
)
and, hence, k1 = 1− q−α, k2 = −cq1−α, k3 = (1 + c)q1−α in (6). We assume that c 6= 0.
Since k3 = 0 if and only if c = −1, we get that in this case the variable xn = qα/2(rn+1)
satisfies
(xnxn−1 − 1)(xnxn+1 − 1) = q
2n+α(xn − qα/2)2(xn − q−α/2)2
(xn − qn+α/2)2 , (24)
which is a particular case of qPV (20) (with α = β = γ = δ = q
α/2). This coincides with
the result in [1, Sect. 7.3]. Note that equation (24) for the variable rn is given by
r2n(rn+1−q−α)2 = q−2n(rn+1−qn)2((rn+1)(rn+1+1)−q−α)((rn+1)(rn−1+1)−q−α). (25)
Next we study initial conditions for the recurrence coefficients of the weight (23) for
general c. Using (11), we have
a2n =
1
c
qn−1+α/2
(
qn+α/2 − xn
)
.
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To find an expression of bn in terms of xn we square the expression of bn from (7) and
substitute (18). We can also use (25) to get rid of xn−1. We get for n ≥ 1
cb2n(xnxn+1 − 1) = q2n
(
1 + qα − qα/2(xn + xn+1)
)2
.
We also get that
b20 =
1
c
(
qα/2x1 − 1
)
.
Recalling that b0 = µ1/µ0, we immediately get that the initial values are given by x0 = q
α/2
(since r0 = 0) and
x1 = q
−α/2
(
1 + c
µ21
µ20
)
, (26)
where µk is the k-th moment of the weight (23). In fact, we can also calculate µk by
definition and get
µk = (1− q)(q; q)∞(cq; q)∞ 2φ1(0, 0; cq; q; qα+k+1),
where the basic hypergeometric function 2φ1 is given by [12, Sect. 0.2, 0.4]
2φ1(a1, a2; b1; q; z) =
∞∑
ℓ=0
(a1; q)ℓ(a2; q)ℓ
(b1; q)ℓ
zℓ
(q; q)ℓ
.
Note that for c = qν the last expression (up to a factor) can be written in terms of the
modified q-Bessel function [15]
I(1)ν (z, q) =
(qν+1; q)∞
(q; q)∞
(z/2)ν2φ1(0, 0; q
ν+1; q; z2/4)
with z = 2q(α+k+1)/2. Also note that a limiting case of Heine’s transformation formula [12,
formula (0.6.9)] allows us to write this q-hypergeometric function as a 0φ1-function.
Example 2. In this example we consider another semi-classical generalization of the
little q-Laguerre weight:
w(x) = xα
(qx; q)∞
(
c1
x
; q
)
∞
(
qx
c1
; q
)
∞(
c2
x
; q
)
∞
, α > 0, c1 < 0, c2 < 0 (27)
on the positive exponential lattice {qn |n ∈ N0}. The case where c1 = c2 = 1/c gives the
weight from the previous example. Again, it is clear that w(0) = w(1/q) = 0. It is easy
to calculate that for this weight we get
k1 = 1− c2
c1
q−α, k2 = −q
1−α
c1
and k3 =
c2 + 1
c1
q1−α.
As mentioned earlier, to obtain a Painleve´ equation, we need that k3 = 0, hence
c2 = −1. So, following the outline given before, we see that
xn =
√−c1qα/2(rn + 1) and a2n = −c1qn+α−1(1− qn + rn)
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where xn satisfies (20) with
α = β = γ = δ =
√−c1q α2 .
As for the initial conditions, we find that
x0 =
√−c1q α2
and
x1 =
√−c1q α2
(
−1 + c2
c1
q−α +
b20
c1qα
)
+ 1.
Moreover, b0 = µ1/µ0, and it is easily seen that the k’th moment of this weight is given
by
µk = (1− q)(q; q)∞
(
q
c1
; q
)
∞
(c1; q)∞
(c2; q)∞
2φ1
(
0, 0;
q
c2
; q;
c1
c2
qα+1+k
)
.
Hence b0 can be written, up to a factor, as a fraction of two modified q-Bessel functions
with q−ν = c2. Again, the q-hypergeometric function can alternatively be written as a
0φ1-function, using [12, formula (0.6.9)].
3 Discussion
In this paper we have shown that it is possible to study simultaneously recurrence co-
efficients in the three-term recurrence relation for a large class of weights by using the
technique of ladder operators. The crucial point is to consider the potential (6) with pa-
rameters. This allows us to obtain a second degree second order discrete equation, which
in some particular cases, can be further reduced to the discrete Painleve´ equation. It is
an interesting open problem to try to classify the weights which lead to the appearance
of the discrete Painleve´ equations for the recurrence coefficients.
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